Stress singularity frequently occurs at a vertex in an interface due to a discontinuity of materials. The stress singularity fields are one of the main factors responsible for debonding under mechanical or thermal loadings. The stress distribution near the vertex in the interface is very important to maintain the reliability of joints. In this paper, stress singularity at a vertex in transversely isotropic piezoelectric dissimilar material joints are analyzed. Eigen analysis based on FEM is used for stress singularity field analysis of piezoelectric dissimilar material joints. The eigen equation is used for calculating the order of stress singularity, and the angular function of elastic displacement, electric potential, stress and electric displacement. Stress and electric displacement fields demonstrate that the values near stress singularity line of the joint are larger than that at the inner portion. From the numerical result, it is suggested that delamination of the interface may occur at the interface edge of the dissimilar piezoelectric material joints due to the higher angular function at the free edge.
Introduction
In recent years, intelligent or smart structures and systems have become an emerging new research area. Piezoelectric material, due to its characteristic direct-converse piezoelectric effect, has naturally received considerable attentions (1) (2) . Piezoelectric materials have been extensively used as transducers and sensors due to their intrinsic direct and converse piezoelectric effects that take place between electric fields and mechanical deformation, and they are playing a key role as active components in many fields of engineering and technology such as electronics, laser, microwave infrared, navigation and biology (3) .
Piezoelectric materials are being widely used in the electronics industry due to their high functionality. Mechanical stress occurs in piezoelectric material for any electric input. The stress concentrations caused by mechanical or electric loads may lead to crack initiation and extension, and sometimes the stress concentrations may be high enough to fracture the material parts. In the case of multilayer piezoelectric stacks, the electrodes that terminate inside the material body are a source of electric field, which can result in high stress concentrations. Reliable service lifetime predictions of piezoelectric components demand a complete understanding of the debonding processes of these materials. Industrial products such as electronic devices and heat endurance parts are composed of dissimilar materials. A mismatch of material properties causes a failure at the free edge of joint, because a stress concentration occurs along the free edge of interface especially at the vertex of joint (4) .
Sosa has suggested a general method of solving plane problems of piezoelectric media with defects (5) . Wang has obtained the general solutions of governing equations to three-dimensional axisymmetric problems in transversely isotropic piezoelectric media (6) .
Zak and Williams used eigen functions for analyzing stress singularity field at a crack tip perpendicular to a bimaterial interface. They found that a real part of eigen value is within the range of 0 to 1, and expressed a relationship between stress distribution and the order of stress singularity at the crack tip (7) . Aksentian determined eigen values and eigen vectors at the singular point in plane intersecting a free edge of the interface in three dimensional dissimilar joints (8) .
Bazent and Estenssoro and Yamada and Okumura developed a finite element analysis for solving eigen value equation to determine directly the order of stress singularity and the angular variation of the stress and displacement fields (9) (10) . Then, this eigen analysis based on a finite element was adapted by Pageau, Joseph and Biggers for analyzing the inplane deformation of wedges and junctions composed of anisotropic materials (11) . Pageau and
Biggers determined the order of stress singularity and the angular variation of the displacement and the stress fields around the singular points in plane intersecting a wedge front in the three-dimensional anisotropic material structures using the two dimensional displacement formulation under a plane strain assumption (12) .
Thus, at present, no clear picture exits of the effects of stress singularity field near the vertex of three-dimensional transversely isotropic piezoelectric bimaterial joints. Therefore, the purpose of this study is to obtain a better understanding of the effect of stress singularity field near the vertex of transversely isotropic piezoelectric bimaterial joints on interface. In this study, three-dimensional FEM eigen equation was formulated for analyzing the order of singularity in 3D-piezoelectric joints. Piezoelectric effect was incorporated into Pageau's three-dimensional FEM formulated for eigen analysis in elastic joints. The present analysis makes it possible to obtain the stress singularity field behavior near the vertex of piezoelectric bimaterial joints. 
Formula of Analysis

The Basic Formula
In the absence of body forces and free charges, the equilibrium equations of piezoelectric materials are expressed as follows (13) :
( 1 )
where σ ij represents the stress and d i the electric displacement.
The constitutive relations are shown as follows:
where c ijkl is the elastic constant, e ikl and χ ik are the piezoelectric constant and electric permittivity (dielectric constant), respectively. The elastic strain-displacement and electric field-potential relations are presented as follows:
where ε ij is the strain, and E i is the eclectic field. u i is the elastic displacement and ψ is the electric potential. Fig.1 Element geometry and natural co-ordinates at a free edge singular point Figure 1 represents the geometry of a typical case where a singular stress state occurs at the point o. The region surrounding the singular point is divided into a number of quadratic pyramidal elements with a summit o, with each element being located in spherical co-ordinates r, θ, and φ by its nodes 1 to 8. A point P in the element can be located using the singular transformation by the relations.
where, The elastic displacement and electric potential relations are:
( 1 4 ) where uo and u is the elastic displacement at o and P, respectively, and ψ o and ψ is the electric potential at o and P, respectively.
From the above equation, the elastic displacement and electric potential relations are expressed as follows:
The Jacobian Matrix in the natural coordinate system is given below:
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The strain and electric potential equations are expressed as follows with the help of Eqs. (7), (8) , (17) and (18): The strain in a spherical coordinate system:
The electric potential:
Equations (21)∼ (29) can be summarized as follows:
Where 
where A 1 and A 2 are written as;
Equations ( The element depicted in Fig.1 must satisfy the principle of virtual work in order to be in equilibrium, that is
Where T i * represents the traction at the outer boundary. This equation can be transformed into a matrix form as follows:
In the above equations, stress and electric displacement equations is now summarized as follows:
The above equation shows the relation between stress and electric displacement with strain and electric field. D represents the material constants matrix, which is expressed as follows:
where c, e, and χ are the elastic, piezoelectric and dielectric constant, respectively. 
The Eigen Equation
The eigen equation was formulated for determining the order of stress singularity as follows (11) :
where
where p represents the characteristic root, which is related to the order of singularity, λ, as λ=1-p. Equation (44) now expressed as follows
Finally, letting V { }= p U { }, the characteristic equation can be transformed into the standard eigen problem.
Angular Functions
The elastic displacement, electric potential, stress and electric displacement fields in stress singularity region, are expressed by the following equations.
where r represents the distance from the stress singularity point, and b j (θ, φ), q(θ, φ), f ij (θ, φ), l i (θ, φ) are the angular functions of elastic displacement, electric potential, stress, and electric displacement, respectively. K ij represents the intensity of stress singularity, F i the intensity of electric field and λ the order of stress singularity. In the present paper, the order of singularity is investigated varying the material constants. A ratio of material constants to a specified material constant is introduced as follows.
Results and Discussion
Model of Analysis
Where e n , χ n and c n represent the referential piezoelectric, dielectric and elastic constants, respectively of PZT-4 and PZT-5H. e, χ and c represent the new piezoelectric, dielectric and elastic constants, respectively. The value of S varies from 0.0001 to 10000.
Numerical Result and Discussion
The effect of material constants on the order of stress singularity is determined with the help of Eq. (61) and graph is shown below. Vol. 4, No. 7, 2010 singularity by varying the piezoelectric and dielectric constants of PZT-4, respectively. The order of singularity has both real and imaginary value when varying the elastic constants of PZT-4. But, the order of singularity has only real value when the piezoelectric and dielectric constants of PZT-4 are varied. From these three figures, it is found that the elastic constants alter the order of stress singularity more significantly. Moreover, piezoelectric and dielectric constants alter the order of stress singularity to some extent, but not significantly. Figure 6 shows the effect of elastic constant of combine PZT-4 and PZT-5H on the order of stress singularity. It is also shown that the elastic constant of combine PZT-4 and PZT-5H alters the order of stress singularity significantly.
Angular Table 4 . The value of L 1 and L 2 represent the power law term and second term respectively. The distribution of electric displacement againstφandθfor λ = 0.5921 is plotted by using the Eq. (60) and the graphs are shown in the figure below: 
